Exercises for Chapter 1

Exercises for Section 1.1: Describing a Set

1.1 Only (d) and (e) are sets.

1.2

(a)
(b)
()
(d)

A={1,23}={zeS: =z >0}

B={0,1,2,3} ={z € S: x>0}
C={-2,-1}={zxeS: <0}
D={zebS:|z|>2}.

1.3 (a) |[A|=5. (b)|B|=11. (¢)|C|=51. (d) |D|=2. (e) |E|=1. (f) |F|=2.
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A={neZ: —4<n<4}={-3,-2,...,4}.
B={ne€Z: n?<5}={-2-1,01,2}.
C={neN: n?<100}={1,2,3,4}.
D={zeR: 2 —z=0}={0,1}.
E={zeR: 22 +1=0}={} =0.

A={-1,-2,-3,..}={zeZ: z < -1}
B={-3,-2,...,3} ={z€Z: 3<x<3}={xe€Z: |z| <3}
C={-2,-1,1,2}={z€Z: —2<z<2,2#£0}={zxeZ: 0<|z| <2}

A:{2x+1xEZ}={,—57—37—171;375a}
B:{4TL néz}:{7_87_470a478’}
C:{3q+1qez}:{7_57_2715477)}

A:{"'7_47_17255785"'}:{3$+25Z‘EZ}.
B:{""_1Oa_5a075a107"'}:{5151 IEGZ}
02{1587275647125;} == {1'31 xEN}

A={neZ:2<|n| <4} ={-3,-2,23}

5/2,7/2, 4.

C={reR:22 - 2+V2)x+2V/2=0}={z cR: (z - 2)(z —V2) = 0} = {2,V2}.
D={ze€Q:2°— (2+V2)z+2V2 =0} = {2}.

|A| =4, |C| =2, |D|=1.

1.9 A=1{2,3,5,7,8,10,13}.

B={zx€A:z=y+ 2z, wherey,z€ A} ={5,7,8,10,13}.

C={reB:r+seB forsomese B} ={538}.
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Exercises for Section 1.2: Subsets

110 (a) A={1,2}, B={1,2},C={1,2,3}.

(b) A={1}, B={{1},2}. C={{{1},2},1}.

() A={1}, B={{1},2}, C' ={1,2}.
1.11 Let 7 = min(c — a,b— ¢) and let I = (¢ — r,c+r). Then I is centered at ¢ and I C (a, b).
112 A=B=D=E={-1,0,1} and C = {0,1}.

1.13 See Figure 1.

Figure 1: Answer for Exercise 1.13

114 (a) P(A) = {0, {1}, {2}, {1,2}}; [P(A)| = 4.
(b) P(A) ={0,{0}, {1}, {{a}},{0.1},{0, {a}}, {1, {a}}, {0, 1, {a}}}; [P(A)] = 8.
1.15 P(A) = {0, {0}, {{0}}, A}.
116 P({1}) = {0,{1}}, P(P({1})) = {0, {0}, {{1}}, {0, {1}}}; [IP(P({1}))| = 4.
1.17 P(A) = {0, {0}, {0}, {{0}},{0,0},{0, {0} }, {0, {0}}, A}; [P(A)| = 8.

1.18 P({0}) = {0, {0}}.
A={z:z=00rz e P({0})} ={0,0,{0}}.

P(A) = {0,{0}, {0}, {{0}},{0,0},{0, {0} }, {0, {0} }, A}.

119 (a) S={0,{1}}.
b) S={1}.
(c) S= {@,{1},{2},{3},{4,5}}.
(d) S=1{1,2,3,4,5}.

1.20 (a) False. For example, for A = {1,{1}}, both 1 € A and {1} € A.
(b) Because P(B) is the set of all subsets of the set B and A C P(B) with |A| = 2, it follows that
A is a proper subset of P(B) consisting of exactly two elements of P(B). Thus P(B) contains
at least one element that is not in A. Suppose that |B| = n. Then |P(B)| = 2". Since 2" > 2,
it follows that n > 2 and |P(B)| = 2™ > 4. Because P(B) C C, it is impossible that |C| = 4.
Suppose that A = {{1},{2}}, B = {1,2} and C = P(B) U{3}. Then A C P(B) C C, where
|A| =2 and |C] = 5.

2
Copyright © 2013 Pearson Education, Inc.



(¢) No. For A= 0 and B = {1}, |P(A)| =1 and |P(B)| = 2.
(d) Yes. There are only three distinct subsets of {1, 2,3} with two elements.

1.21 B ={1,4,5}.

Exercises for Section 1.3: Set Operations

AUB=1{1,3,5,9,13,15}.
ANB=1{9}.
A—B={1,513}.

B— A={3,15}.
A={3,7,11,15}.

ANB ={1,513}.

1.23 Let A = {1,2,...,6} and B = {4,5,...,9}. Then A — B = {1,2,3}, B— A = {7,8,9} and
ANB=1{4,5,6}. Thus |[A— B| =|ANB|=|B— A| = 3. See Figure 2.

Figure 2: Answer for Exercise 1.23

1.24 Let A=1{1,2}, B={1,3} and C = {2,3}. Then B#C but B—A=C— A= {3}.
125 (a) A={1}, B={{1}},C ={1,2}.

(b) A={{1},1}, B={1}, C ={1,2}.

(c) A={1}, B={{1}}, O ={{1},2}.
1.26 (a) and (b) are the same, as are (c) and (d).

1.27 Let U = {1,2,...,8} be a universal set, A = {1,2,3,4} and B = {3,4,5,6}. Then A — B = {1,2},
B—-A={5,6}, ANB={3,4} and AU B = {7,8}. See Figure 3.

1.28 See Figures 4(a) and 4(b).

1.29 (a) The sets () and {0} are elements of A.
(b) [Al =
(c) All of 0, {0} and {0, {0}} are subsets of A.
(d) 0nA=0.
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Figure 3: Answer for Exercise 1.27

A

(C_B)< A CN(A-B)
7). ||,

(a) (b)

Figure 4: Answers for Exercise 1.28

(i
130 (a) A={zeR:|jz—-1|<2}={zeR:-2<zx-1<2}={zeR:-1<2<3} =[-1,3]
B={zeR:|z|>1}={zcR:z>1orx< -1} =(—o00,—1]U[l,00)
C={zeR:jz+2/<3}={reR:-3<z+2<3}={zeR:-5<z<1}=[-51]
(b) AUB =(—o00,00) =R, ANB={-1}U][L,3],
BNnC =[-5-1U{l}, B—C = (—00,—5)U (1, 00).

1.31 A={1,2}, B={2},C=1{1,2,3}, D ={2,3}.

1.32 A={1,2,3}, B={1,2,4}, C = {1,3,4}, D = {2,3,4}.
1.33 A= {1}, B={2}.

1.34 A={1,2}, B={2,3}.

1.35 Let U = {1,2,...,8}, A=1{1,2,3,5}, B={1,2,4,6} and C = {1, 3,4, 7}. See Figure 5.

Exercises for Section 1.4: Indexed Collections of Sets
1.36 U, 4 Sa = 51 US3U Sy = [0,3]U[2,5]U[3,6] = [0,6].
ﬂaeASa =S51NS3NS; = {3}
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Figure 5: Answer for Exercise 1.35

1.37 Uyxes X = AUBUC ={0,1,2,...,5} and Nycg X = ANBNC = {2}.

1.38 (a) UpegAa = A1 UAU Ay = {1} U {4} U {16} = {1,4,16}.

Naecs Aa =A1NAN AL =0.

(b) Uaes Ba = B1UBsU By =[0,2]U[1,3]U[3,5] = [0,5].
Nacs Ba = B1N By N By = 0.
(€) UaesCa =C1UC2UC = (1,00) U (2,00) U (4,00) = (1,00).

Nocg Ca = C1NC2NCy = (4,00).

1.39 Since |A| = 26 and |Ay| = 3 for each @ € A, we need to have at least nine sets of cardinality 3
for their union to be A; that is, in order for |J,.g Ao = A, we must have |S| > 9. However, if we

let S = {a,d,g,j,m,p,s,v,y}, then |J,cg Aa = A. Hence the smallest cardinality of a set S with
Uacs Aa = Ais 9.

1.40 ( ) U? 1A2i = AyUALUAgUAgUA g = {1,3}U{3,5}U{5,7}U{7,9}U{9,11}: {1,3,5,...,11}.

) U (AnAg)=U_{i-1i+1}n{i,i+2)=U_,0=0.

(¢) UPy (A1 N Agir) = U0 ({20 — 2,2} N {2i,2i + 2}) = U°_, {20} = {2,4,6,8,10}.
141 (a) {An}nen, where A, = {z € R:0<z <1/n}=[0,1/n).

(b) {An}tnen, where A, ={a € Z: |a| <n}={-n,—(n—1),...,(n—1),n}.
142 (a) A, =[1,2+1 ), Unen 4An = [1,3) and (,,en An = [1,2].

(b) A, = (—212n), U, cn An = (=2,00) and (,cn An = (—1,2).

143 U,cr+ Ar = Uyers (=7,7) = R;
nr€R+ AT = nreR-F(_ra ’I") = {0}

1.44 For I = {2,8}, |U,;c; Ail = 8. Observe that there is no set I such that ||J;.; Ai| = 10, for in this
case, we must have either two 5-element subsets of A or two 3-element subsets of A and a 4-element
subset of A. In each case, not every two subsets are disjoint. Furthermore, there is no set I such
that |U;c; Ail = 9, for in this case, one must either have a 5-element subset of A and a 4-element
subset of A (which are not disjoint) or three 3-element subsets of A. No 3-element subset of A

contains 1 and only one such subset contains 2. Thus 4,5 € I but there is no third element for I.
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1.45 UnEN An = UnEN( ;a2 %) = (_172)7
ﬂnEN A" = ﬂnEN( 'rlt’ 2 l) = [O’ 1]
Exercises for Section 1.5: Partitions of Sets
1.46 (a) Sp is a partition of A.
(b) Ss is not a partition of A because g belongs to no element of Ss.
(¢) Ss is a partition of A.
(d) Sy is not a partition of A because () € Sy.
(e) Ss is not a partition of A because b belongs to two elements of Ss.
1.47 (a) Si is not a partition of A since 4 belongs to no element of 5.
(b) Ss is a partition of A.
(c) Ss is not a partition of A because 2 belongs to two elements of Ss.
(d) S4is not a partition of A since Sy is not a set of subsets of A.

1.48 S ={{1,2,3},{4,5},{6}}; |S| = 3.

149 A ={1,2,3,4}. 51 = {{1},{2},{3,4}} and S2 = {{1,2},{3},{4}}.

1.50 Let S = {A1, A2, A3}, where A1 = {x € N:z > 5}, Ay = {x € N:z <5} and A5 = {5}.
1.51 Let S = {A41, A5, A3}, where A1 = {2z €Q:2>1}, Ao ={r€Q:2z <1} and A3 = {1}.

152 A ={1,2,3,4}, S1 = {{1},{2},{3,4}} and S5 = {{{1}, {2}}, {{3,4}}}.

1.53 Let S = {A1, A2, A3, Ay}, where
Ay ={z €Z:zis odd and z is positive},
Ay ={x €Z:xis odd and x is negative},
As ={x € Z: x is even and z is nonnegative},

Ay ={x €Z:xis even and x is negative}.
1.54 Let S = {{1},{2},{3,4,5,6},{7.8,9,10}, {11,12}} and T = {{1}, {2}, {3.4,5,6},{7.8,9, 10} }.
1.55 [P1| = 2, |Pa2| = 3, |P3| =5, |Ps| =8, |Ps| = 13, |Ps| = 21.

1.56 (a) Suppose that a collection S of subsets of A satisfies Definition 1. Then every subset is
nonempty. Every element of A belongs to a subset in S. If some element a € A belonged
to more than one subset, then the subsets in S would not be pairwise disjoint. So the collec-

tion satisfies Definition 2.

6
Copyright © 2013 Pearson Education, Inc.



1.57

1.58

1.59

1.60

1.61

1.62

1.63

1.64

1.65

1.66

(b) Suppose that a collection S of subsets of A satisfies Definition 2. Then every subset is nonempty
and (1) in Definition 3 is satisfied. If two subsets A; and As in S were neither equal nor disjoint,
then A; # Ay and there is an element a € A such that a € A; N As, which would not satisfy
Definition 2. So condition (2) in Definition 3 is satisfied. Since every element of A belongs
to a (unique) subset in S, condition (3) in Definition 3 is satisfied. Thus Definition 3 itself is
satisfied.

(¢) Suppose that a collection S of subsets of A satisfies Definition 3. By condition (1) in Defi-
nition 3, every subset is nonempty. By condition (2), the subsets are pairwise disjoint. By

condition (3), every element of A belongs to a subset in S. So Definition 1 is satisfied.

Exercises for Section 1.6: Cartesian Products of Sets

Ax B ={(z,),(z,y), (y,2), (,9), (2, 2), (2,9)}-

AxA={11), 1 {1}), (4 {13}, {1} 1, {13 1), (1) {11, ({0, {1}, {1,
{1 {1}

P(A) ={0,{a}, {b}, A},

AxP(A) ={(a,0), (a,{a}), (a,{b}), (a, A), (b,0), (b, {a}), (b, {b}), (b, A)}.

P(A) ={0,{0},{{0}}, A},

AxP(A)={(0,0),(0,{0}), 0, {{0}}), (0, 4), {0}, 0), ({0},{0}), ({0}, {{0}}), ({0}, A)}.
P(A) ={0,{1},{2}, A}, P(B) = {0, B}, A x B ={(1,0),(2,0)},

P(A) x P(B) ={(0,0), (0, B), ({1}, 0), ({1}, B), ({2},0), ({2}, B). (A4, 0), (4, B)}.

{(z,y) : 2® + y* = 4}, which is a circle centered at (0, 0) with radius 2.

S = {(3’ 0)7 (2’ 1)7 (2’ _1)’ (17 2)’ (17 _2)7 (O’ 3)7 (O’ _3)’ (_3a O)a (_2a 1)a (_2a _1)7 (_L 2)7 (_L _2)}'
See Figure 6.

Ax B={(1,1),(2,1)},

P(Ax B)={0,{(1,1)},{(2,1)}, Ax B}
A={zeR:|lz-1<2}={zreR:-1<2x<3}=[-1,3
B={yeR:|ly—4|<2}={yeR:2<y<6}=1[2,6],

A x B =[-1,3] x [2,6], which is the set of all points on and within the square bounded by x = —1,
r=3,y=2and y=6.

A={aecR:|a|<1}={acR:-1<a<1}=[-1,1]

B={beR:|b|=1}={-1,1},

A x B is the set of all points (x,y) on the lines y = 1 or y = —1 with z € [-1, 1], while B x A is the

set of all points (z,y) on the lines = 1 or x = —1 with y € [—1,1]. Therefore, (4 x B) U (B x A)
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- (0,3)
(-1,2) (1,2)
(-2,1) (2,1)
(=3,0) (3,0)
(.—2 ~1) 1 * -1
-2 (L2
(O,—?))

Figure 6: Answer for Exercise 1.63

is the set of all points lying on (but not within) the square bounded by x =1, x = —1, y = 1 and
y=—1.

Additional Exercises for Chapter 1

1.67 (a) A={4k+3:keZ}={...,-5,-1,3,7,11,.. .}
(b) B={sk—1:keZ}={..,—6-1,4,914,..}.
1.68 (a) A={zxe€S: |z|>1}={xe€S: z+#0}.
(b) B={zxeS: z<0}.
(c) C={zeS: -5<a<Tt={zeS: |z—1| <6}.
(d D={zeS: x#5}.
1.69 (a) {0,2,-2} (b) {} (¢) {3,4,5} (d) {1,2,3}
(e) {_272} (f) {} (g) {—3,—2,—1,1,2,3}.
1.70 (a) |A]=6 (b) |B|=0 (c¢) |C]=3
(d) [D[=0 (e) |[E|=10 (f) [F|=20.

1.71 Ax B = {(-1,

IE), (_1ay)7 (O,IE), (07y)’ (1

;7). (L, y)}.

1.72 (a
(b
(c
(d

(AUB)— (BNC) ={1,2,3} — {3} = {1,2}.
A={3}.

BUC ={1,2,3} =0.

Ax B={(1,2),(1,3),(2,2),(2,3)}.

)
)
)
)
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1.73 Let S = {{1},{2},{3,4}, A} and let B = {3, 4}.
1.74 P(A) = {0,{1}}, P(C) = {0, {1}, {2}, C}. Let B = {0, {1}, {2}}.
1.75 Let A = {0} and B = P(A) = {0, {0}}.

1.76 Only B=C = () and D = E.

1.77 U = {1,2,3,5,7,8,9}, A= {1,2,5,7} and B = {5,7,8}.

1.78 (a) A, is the set of all points in the plane lying on the circle 22 + y? = r2.

U,er Ar = R x R (the plane) and N, c; A, = 0.
(b) B, is the set of all points lying on and inside the circle 22 + y? = 72,
U,er Br =R xRand (,c; B ={(0,0)}.

(c) C, is the set of all points lying outside the circle 2% + y? = r2.

Urer Cr =R xR —{(0,0)} and (,.; Cr = 0.

1.79 Let A = {1,2,3,4}, Ay = {3,5,6}, Az = {1,3}, Ay = {1,2,4,5,6}. Then |A1 ﬁA2| = |A2 n A3| =
|A3 ﬂA4| = 1, |A1 ﬂA3| = |A2 ﬂA4| =2 and |A1 ﬂA4| =3.

1.80 (a) (i) Give an example of five sets A; (1 < i < 5) such that |[4; N A;| = |i — j| for every two
integers ¢ and j with 1 <7 < j <5.
(ii) Determine the minimum positive integer k such that there exist four sets 4; (1 < i < 4)
satisfying the conditions of Exercise 1.79 and |A; U A U A3 U Ay| = k.
(b) (1) A1 =1{1,2,3,4,7,8,9,10}
Ay ={3,5,6,11,12,13}
As ={1,3,14,15}
Ay =1{1,2,4,5,6,16}
As =1{7,8,9,10,11,12,13,14,15,16}.
(ii) The minimum positive integer k is 5. The example below shows that & < 5.
Let Ay ={1,2,3,4}, A2 = {1,5}, A; = {1,4}, A, = {1,2,3,5}.
If £ = 4, then since |A; N A4] = 3, A1 and A4 have exactly three elements in common,
say 1, 2, 3. So each of A; and Ay is either {1,2,3} or {1,2,3,4}. They cannot both be
{1,2,3,4}. Also, they cannot both be {1,2,3} because A3 would have to contain two of
1, 2, 3 and so |A3 N A4| > 2, which is not true. So we can assume that A; = {1,2, 3,4}
and A4 = {1,2,3}. However, Ay must contain two of 1, 2, 3 and so |4; N Ag| > 2, which
is impossible.
1.81 (a) |S| =|T| = 10.
(b) IS]=T|=5.
(c) IS]=|T|=6.

1.82 Let A={1,2,3,4}, Ay = {1,2}, Ay = {1,3}, A3 = {3,4}. These examples show that k < 4. Since
|A; — As| = |As — Aq| = 2, it follows that A; contains two elements not in Ag, while A3 contains two
elements not in A;. Thus |A| > 4 and so k = 4 is the smallest positive integer with this property.
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1.83 (a) S=1{(-3,4),(0,5),(3,4),(4,3)}.
(b) C={a€B:(a,b) e S}=1{3,4}
D=1{beA:(ab)e8}={34}
CxD=1{(3,3),(3,4),(4,3),(4,3)}.
1.84 A=1{1,2,3}, B={{1,2},{1,3},{2,3}}, C = {{1},{2},{3}}.
D =P(C) ={0,{{1}}, {{23}, {33}, {1, {23, {41, {33, {42}, {3}}, C%
185 S={recR:2?+22-1=0}={-1+2,-1—-V2}.
Alyeys = {14 VEVEN ALy = {~1- V2 - V3).
(a) As = A _psand Ay =A_| 5.
Agx Ay ={(-1-v2,-1+v2), (-1 = v2,v2), (V2,1 + v2), (-V2,V2)}.
(b) C ={ab: (a,b) € B} ={~1,—v2 —2,v/2 —2,—-2}. The sum of the elements in C'is —7.
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